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Abstract

We study scheduling algorithms for loading data feeds ie#& time data warehouses, which are used
in applications such as IP network monitoring, online finahwading, and credit card fraud detection.
In these applications, the warehouse collects a large nuoflstreaming data feeds that are generated
by external sources and arrive asynchronously. Data fdn égtde in the warehouse are generated at
a constant rate, different tables possibly at differentsatFor each data feed, the arrival of new data
triggers anupdatethat seeks to append the new data to the corresponding ifaleltiple updates are
pending for the same table, they are batched together bleéimg loaded. At time, if a table has been
updated with information up to time < 7, its stalenesss defined as — r.

Our first objective is to schedule the updates on one or mareggsors in a way that minimizes the
total staleness. In order to ensure fairness, our secomrdtlg is to limit the maximum “stretch”, which
we define (roughly) as the ratio between the duration of timesadate waits till it is finished being
processed, and the length of the update.

In contrast to earlier work proving the nonexistence of ¢canscompetitive algorithms for related
scheduling problems, we prove traty online nonpreemptive algorithm, no processor of which isrev
voluntarily idle, incurs a staleness at most a constanbfaetrger than an obvious lower bound on
total staleness (provided that the processors are suffigifast). We give a constant-stretch algorithm,
provided that the processors are sufficiently fast, fordhasiperiodic modelin which tables can be
clustered into a few groups such that the update frequendibs each group vary by at most a constant
factor. Finally, we show that our constant-stretch aldptis also constant-competitive (subject to the
same proviso on processor speed) in the quasiperiodic nattekespect to total weighted staleness,
where tables are assigned weights that reflect their pgerit
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1 Introduction

Data warehouses integrate information from multiple operational databaeeshite complex business anal-
yses. In traditional applications, warehouses are updated periodieaily ¢very night or once a week) and
data analysis is done off-line [11]. In contrast, real time warehougdealgdb known asctive warehouses
[13], continually load incoming data feeds to support time-critical analySesinstance, an Internet Ser-
vice Provider (ISP) may collect streams of network configuration anwpeance data generated by remote
sources in nearly real time. New data must be loaded in a timely manner amethtedragainst historical
data to quickly identify network anomalies, denial-of-service attacks, arwhsistencies among protocol
layers. Similarly, online stock trading applications may discover profit dppdies by comparing recent
transactions in nearly real time against historical trends. Banks may bestedrin analyzing incoming
streams of credit card transactions to protect customers against identity the

Since the effectiveness of a real time warehouse depends on its abilityetst ingw data, we study
problems related tdata stalenesdn our setting, each table in the warehouse collects data from an external
source. The arrival of a set of new data releasegptatethat seeks to append the data to the corresponding
table. Since existing data are not modified, the processing time of an updamdsteproportional to the
amount of new data. The first update made available for tabttains data accumulated in time period
I;; = (0,7;1]. The second update made available for taldentains data for time periofls = (71, ri2),
and the third, fotl;3 = (r2, r43), etc.,0 = rip < r;i1 < rio2 < ---. Processing of an update with data for the
intervall;; can start at any time greater than or equal;fand takes time, at most, proportional to the length
of the interval. If updates for time periods2, 3...,1, but not/ + 1, have been (fully) processed on tabke
date, then we say that tablés current up to timer;;. Thestalenes®f a tablei at timer is defined as — ¢
where the table is current up to time< 7. (It follows that a table may be stale at timesolely because no
update has arrived recently, and hence clearly no update was pedcescently.) If multiple updates have
accumulated for the same table, then whagupdates are processed to tahlall available updates to table
1 are processed together, which takes time at most proportional to the stim® obrresponding intervals’
lengths. This is what we mean Iwatchingupdates.

We consider two practical models. In the (puredy}-line model, sources push data to the warehouse
at arbitrary times. In what we call trepiasiperiodicnodel, updates for any given table arrive with roughly
constant frequency. More precisely, a table is said t@Bbguasiperiodic,B a positive real, if its update
interarrival times vary betwee /2 and B. We do not study the standard periodic model because it is
unrealistic in our context. Even if the warehouse requests updates feosothices at regular intervals, the
sources may not always respond promptly.

Our first objective is to nonpreemptivélgchedule the updates on one or more processors in a way that
minimizes the total staleness of all tables. Our first contribution answersstiguéemplicit in [8] regarding
the difficulty of this problem. We prove that even in the purely online moaey,on-line nonpreemptive
algorithm achieves staleness at most a constant factor times optimal, prekatetb processor is ever
voluntarily idle and provided that the processors are sufficiently fagufticiently fast” means here that
the processors be a small constant factor faster than is required fortthtkeep up” with the arrival of
incoming data.)

Previous scheduling results focus on individia penalties such as job deadlines, rather ttedrie
penalties, and employ no notion of batching, which is crucial to our resuthape the most similar problem
studied in the literature (initially by Bansal and Pruhs [3]) is that of minimizing tiva ef squares oflow
times where flow time measures the total time a job spends in the system, including waihtipesgessing
time. For this objective function, no constant competitive algorithm exists.pftef of nonexistence of a
competitive algorithm for this problem, as for so many others, relies on thé¢hfacN jobs have to payv
penalties. Specifically, consider a sequenc&afonsecutive, identical, unit-time jobs arriving starting at
time 0 and ending at tim&'. Even if all V jobs could be (started and) completed instantaneously atXime

!Database updates are typically long-running and difficult to suspend.



the flow-time-squared penalty would B& (for the first job) plug NV — 1)2 (for the second) plu§N — 2)2,
etc., for a total penalty o2(N3). In our batched model, the staleness of a table depends on the time of the
last update and increases linearly over time, until the next batch of upgueddseen processed. Regardless
of whether one long update &F unit-length updates (which will be batched together) are processed at time
N, we will show that the total staleness@§ N?). Hence, our model prevents an adversary from injecting
a long stream of identical short jobs which will hugely cost the algorithm. d@frse, this explanation,
while intended to hint at the difference between our batched model anbpsgob-based models, proves
nothing.)

Now we discuss model variants. Even if an algorithm provides a boundtahstaleness, it may still
starve some tables. To quantify this behavior, we will define the “stretch’etthb maximum, over all
updates, (roughly) of the worst-case ratio between the duration of timeptieteswaits till the processing
of said update terminates, and the length of that update. In general, simebbound on maximum stretch,
as we have defined it, is possible. However, as our second contribwioprovide a constant-stretch non-
preemptive algorithm for the (practical) quasiperiodic model, in which tatdesbe divided into relatively
few groups such that all the tables in one group Brguasiperiodic for the samB. (Imagine that some
tables are updated roughly every minute, some roughly hourly, and theaeghly daily.) Specifically, we
assume that the number of groups is at most half the number of processors

In practice, some tables are more critical than others. Our third contributvmivas minimizing total
weightedstaleness, when each table is accompanied by a weight and the total stalerash table is
multiplied by its weight. We prove that our constant-stretch algorithm is alsotaoinsompetitive with
respect to total weighted staleness in the quasiperiodic model.

1.1 Related Work

A great deal of work exists on scheduling to achieve various objectivieish are usually related to individ-
ual jobs, such as minimizing the number of jobs that miss their deadlines or minimizragrtbunt of time
that jobs spend waiting to be processed. In particular, no competitivatalgsrexist for the two problems
closest to ours: as mentioned above, [3] proves a negative resutifianizing the sum of squares of job
flow times, and [4] discusses minimizing the maximum stretch, defined as flow time4siog time. (Their
definitions of flow time and stretch differ from ours.)

In the data warehousing literature, the closest work to ours is [8], whiebgmted an empirical study
of update scheduling algorithms in a real time warehouse and concluded Hiaiple greedy heuristic
for minimizing staleness (always choose the update that gives the lam@stade in staleness per unit
of processing time) works well. To the best of our knowledge, there badeen any previous work on
analyzing the complexity of this problem.

There has also been work on scheduling updates in the “pull-basedteuptbdel, where the system
can decide when to request new data from the sources [6, 9, 15]ewovthis work does not apply to the
push-based model of a real time streaming warehouse.

Data warehouses store the entire history of data feeds, i.e., new datppemedad to existing data,
and assume that data feeds will continually generate new data over timenttastptraditional databases
typically store only the most recent “snapshot” of the data, i.e., new datavoteexisting data. Previous
work on scheduling in real time databases is orthogonal to this paper assideos different staleness
definitions and different scheduling objectives (see, e.g., [1, 12, 16]

Finally, there is some related work on scheduling in Data Stream Managerystein®, which have
been designed to perform simple analyses on high-speed data feegiimggd memory. This work deals
with scheduling query operators, e.g., to maximize throughput or minimize mersagey2, 5, 10, 14].



1.2 Organization

The remainder of this paper is organized as follows. In Section 2, weiaxpla scheduling model. Sec-
tion 3 presents a competitiveness proof with respect to staleness. Sedismudses stretch, Section 5 deals
with weighted staleness, and Section 6 concludes the paper.

2 Scheduling Model

In our real-time data warehouse model, each tableceives updates from an external source at times
rip < 1 < -0 < rig, With 0 < 7y definer;y = 0. These times are unknown in advance to the
algorithm. At timer;; an update arrives for table and only then does the system know the value; pf
The update that arrives at timg; contains data for the time peridd; ;_1,7;;] 2; however, those data do
not become available to be processed till time We define theelease timeor arrival time of the update

to ber;; and thestart timeof the update to be; ;_;. That is, the update contains data for the time period
(start time, release timeWe define théength L;; of the jth update to tabléto ber;; — r; ;1.

Let¢ be the number of tables apd< ¢ be the number of available identical processors. At any point in
time, any idle processor may choose to update any table, so long as this s&htddest one pending update
and is not currently being updated by another processor. Suppdsediaae at time- and table is picked,
and that it is current up to time;;. Since it is cheaper to execute an update of ledgthan! updates of
length /1 each, all the pending updates for tablewith release times in the intervét,;, 7] are batched
together and processed nonpreemptively by the given processaef@vdo all of these pending updates as
a batchand define its length as the sum of the lengths of the pending updates. Aateupr table that
is released after the start of the processing of a batch is not includedtibatth, and waits its turn to be
processed in the next batch.

Thewait intervalof a batch is the time between the arrival (e.g., release) of its first upddtianime
it starts being processed. Zero or more additional updates may arniregdbe wait interval of a batch.
(Keep in mind that the data in the first update of the batch corresponds to agiitod predating the update’s
release time.) Thprocessing timef a batch is the length of its processing or execution interval—the time
during which it is actually being processed. Thait timeof a batch is the duration between the release of
its first update and the time when processing of that batch begins.

We assume that the processing time of a batch is at most proportional to thtéygabnew data, with a
constant of proportionality which depends on the table (since an hoorthwf updates to tablemight be
far more voluminous than an hour’s worth for tati Formally, for each tableé, we define a read; < 1
such that processing a batch of lendthakes time at most; L. (That processing an update containing an
hour's worth of data should take significantly less than one hour impliesathslhould be at most 1.) In
order to keep up with the inputs, we assume that there is &np/t such that each; < «. Any ¢ tables,
from time O to some tim&", receive data fot7" time units. In order that the processors not “fall behind,”
it is necessary that processors be able to procegsunits of data ini” time steps. Sincé&’ time units of
data on tableé can be processed ific; time, we neeozle(Tai) < pT, since there arp processors, or
> a; < p. If one wants a bound in terms of the maximumalone, one would need to impose < p,
wherea = max ;. Hencea < p/t is required. Our results only hold & < Cp/t for some constant
C < 1, but this upper bound is only a small constant factor away from whatoegsary.

(Note: Even whem > p/t, one conceivably could give an on-line algorithm which is constant compe
itive against the best off-line algorithm. However, since even the admevgould badly fall behind, we do
not consider this case interesting.)

Technically, an update arriving at timg; contains data up to time; — e, wheree is the transmission delay between the source
and the warehouse. For simplicity, we set 0.
3There are nontrivial fixed costs associated with updating a warehdulse sach as preprocessing the raw data.
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Figure 1: A plot of the staleness of talilever time.

2.1 Staleness and Strech

Recall from Section 1 that at any timethestalenessS; () of tablei is defined to be- — r, where the table

is current up to time. The total staleness of tablén the time intervalry, 1] is f:Ol Si(T)dr. Itis important

to study Figure 1, which illustrates the staleness of tableer time. Suppose that tablés initialized at time

r;0 = 0. Ignore the shaded triangles for now. Suppose that a processambsea@vailable for tableat time

s. Only one update, the first, which contains data for intetvay, 1], is available to be processed at time
s. The processing of the update takes time at mggt;; — r;9) and finishes at tim¢ < s + a;(r;1 — 7i0)-
From timer;y = 0 until the processing of the first update finishes at tifnéhe staleness increases linearly,
with slope 1, starting at 0 and ending at tirhat valuef. As soon as the processing of that update finishes,
at time f, the staleness drops o— r;1, since at timef the table is current to time;;. Immediately after
time f the staleness increases linearly, with slope 1, once again.

Now suppose no processor is available again till teheAt that time, two more updates are available,
one containing data for timér;1, ;2] and one containing data for tine;2, 7;3]. These two are batched
together. This means that the processor processes both updatesy statime s’ and finishing at time
' < s+ a;(ris — ra). By time f/, the staleness has risenfto— r;;. Immediately after timg”’, however,
the staleness drops #§ — r;3, since the table is then current up to timg. It is important to note that
the staleness function would not change if instead of these two updafagleaigpdate with data for time
(r41, 73] arrived at timer;s.

Traditionally, theflow timeof a job is defined as the difference between its completion time and release
time, and its stretch is the flow time divided by its length. However, our updatdsastaumulating data
before they are released, which affects the staleness of the cardisgaable. We thus define the flow time
of the update released at timg to be f — r; ;_1, where the processing of the batch containing this update
finishes at timef, i.e., its completion time minus itstart time, not its completion time minus its release
time (thecompletion timeof a batch being the time when the processing of the batch finishes). Fuvther
define thestretchto be the maximum, over all updates, of the flow time of the update divided by tgthlen
of the update. Stretch indicates how much additional staleness is accrilecawhupdate is waiting and
being processed. For instance, in Figure 1, the stretch of the firstejisxjé__“—;%, the stretch of the second

update |s7f;‘_+11 and the stretch of the third updatei%ﬁ;__’;jé.



2.2 Lower and Upper Bounds on Staleness

Let LOW := > . o(rij — ri.;—1)% then(1/2) LOW is a lower bound on the total staleness of any run,

even of the optimal, prescient run. (It is a lower bound on the stalenesgyofvay to execute the jobs,

since the staleness at any timés at least the duration between the most recent releasertianel z, and
0T wde = (1/2)(ri; — rij—1)%.) In Figure 1, the area of the shaded triangles is exdtfi) LOW .

We will show that under mild conditions, the staleness achieved by any algoeitceed$1/2) LOW by

at most a constant factor.

We also define penalty half of which is an upper bound on the total staleness, as the sum oésaqfa
the batch flow times. In Figure 1, the penalty f5— 7;0)? + (f’ — r;1)%. (Notice that the flow time for the
first batch, which includes only update 1,fis- r;o; that of the second batch, which includes updates 2 and
3,is f' — r;1.) Thus, half the penalty is the sum of the areas of the triangles based aalister,, /] and
(r:1, f'], which, because the triangles overlap on the dotted triangles, is at legszass the staleness.

Now we argue formally that twice staleness cannot be larger than the pemafigty, as defined above.
For each specific table, partition the time frame into intervals demarcated by dpeiats of execution
intervals. For instance, one such partition in Figure 1 corresponds to téwah( f, f'|. The integration
diagram for each of these updates consists of a trapezoid, startingheimd) erespectively, at, say, times
r andr’. We denote by the staleness value immediately after timehe end of the previous execution
interval. Staleness accrues linearly between timaadr’, reaching a value of + ' — r at timer’. The
total staleness for this batch is the area of the trapezoid whose base hgtheole” — » and whose height
ranges fromy to y + ' — r. This amounts to

(7“, o 7“) (y> + (y;_ T/ B T) (1)
r—r 2
< (2_"3/)7 2)

asy > 0andzz < (%)2 for z,2 > 0. Leta be the release time of the last update processed in the
execution interval which ends at time Theny = r — a. The penalty i§7’ — a)? = (' — (r — y))?, S0
(r" — r +y)?/2 is exactly half the penalty paid for this batch according to our objectivetiiomc

3 Minimizing Staleness

We call an algorithmeager or work-conservingif it leaves no processor idle while at least one pending
update exists. We first state the rather-inscrutable Theorem 3.1, followeth easy-to-read corollary,
which implies that for any>' < (v/3 — 1)/2, there is a constant (dependent@)such that the staleness of
any eager algorithm is at most that constant factor times optimal, providedablad; is at mostCp/t.

Theorem 3.1. Fix p, t. For any3 andd such that) < 3,6 < 1, defineC s = V(1 = 3)/v/3 > 0. Given
p processors andtables, pick anyv such thain/[1 — a/(p/t)] < Cgss - p/t. Then the penalty incurred by
an eager algorithm is at most + «)2(1/4%)(1/(1 — §)) timesLOW, provided that eachy; < a.

Corollary 3.2. Fix p,t. Supposer := max o; satisfiesa = Cp/t with C' < (v/3 —1)/2 ~ 0.366. Then
the penalty (and hence staleness) incurred by any eager algorithm issttartonstant factor timesOW .
Furthermore, agx — 0, the constant factor approaches 1.

Since LOW is a lower bound on the staleness achieved by any algorithm, even the optiesaliept
one, anthenalty is an upper bound on the staleness achieved by any eager algorithmiahargamplies
the claimed competitiveness.



Proof. DefineC’ by 1/C =1 + 1/C’. Becaus& < (v/3 — 1)/2, it follows that0 < ¢’ < 1/+/3. Hence

a = [1/(1/C"+1)](p/t). Simple algebra shows thay (1—(a/(p/t)) = C'(p/t). Becaus® < C'v/3 < 1,
there are3, § in (0, 1) such thatC’y/3 = V/§(1 — 3). (Definey = C'v/3, take any3 € (0,1 — ~), and take

§ such that/s(1 — 8) = ~.) ThereforeC” = v/5(1 — 8)/+/3. Hence, Theorem 3.1 implies that the penalty
is at most(1 + «)?(1/4%)(1/(1 — §)) timesLOW, as claimed.

Given anye > 0, first choose) < 3 < 1 such thatl /3* < 1 + ¢/4. Then choosé < § < 1 such that
1/(1 —8) < 1+ ¢/4. DefineCp s = V(1 — 8)/+v/3 > 0. Chooser > 0 such that(l + a)? < 1 +¢/4
anda/(1 — «a/(p/t)) < Css - p/t. Now if eacha; < «, the penalty is at mostl + «)?(1/84)(1/(1 — §))
timesLOW. Since(1 +«)?,1/3%, and1/(1 —§) are all at mosl +¢/4, and(1 +€/4)3 < 1 +efore <1,
we are done. O

To start the proof of Theorem 3.1, let us look at the penalty a particutaofihe algorithm pays. Let
B be the set of batches in this run. For some bdigke B, let ¢; be the length of the first updaté; be the
wait time, andb; be the total length of the batch, i.e., the sum of the lengths of its updates. Clearly

ci <b <c+d, (3

sincec; < b; is obvious and since; + d; is the duration in time from the start (not release) time of the first
job in the batch till the update for the batch starts, and this duration is clearlpstttlee lengttb; of the
batch. For the penalty of this batch, denotedvbywe take the square of the flow time, i.e., the lengtbf

the first update plus the wait timg plus the processing time of the entire batch:

pi < [(ci + di) + aby]?, by the definition of penalty, (4)
< (14 ) (ei+ di)?, by (3). 5)
Let A be the set of all updates. From the definitionfadW, each updaté € A has a budget of?
units, whereq; is the length of updaté Our proof requires the use of a “charging scheme.tharging
schemespecifies what fraction of its budget each update pays to a certain blagthus call a batchB;
tardy if ¢; < (B(c; + d;) (where 3 comes from Theorem 3.1); otherwise itpsinctual Let us denote
the corresponding sets li§; and B, respectively. More formally, a charging scheme is a matwix) of
nonnegative values, wherg; shows the extent of dependence of batoin the budget available to batgh
with the following two properties.
1. For any batclB; € B,
(ci+di)> < wyb?, (6)
JEBp
bothi andj referring to batches, and

2. there exists a constaht> 0 such that, for any punctual batdy,
Z vij <A (7)
icB
Lemma 3.3. The existence of a charging scheme with parameiesiad \ gives a competitive ratio of at
most(1 + «)?)\/3? for any eager algorithm.
Proof. We have

pi < (14 a)*(c; + di)? by (5) ®)

< (1+4a)? Z Uijb? by (6) %)
j€B,

< (1+ a)2 Z vi]ﬂch?, (10)
JEBp



the last inequality following by 3 and the definition of punctuality. Hence, the patiaalty of a solution is

sz- <1+ a)2ﬁ12 Z e Zvij by (10) (11)
icB jeB, ieB

<(1+ a)2;2Aj§ ct by (7) (12)

<@+ a)2512)\ .LOW (13)

< (1+ a)QﬁlQ)\ -OPT. (14)

O

Say batchB blocksbatch B’ if B’s execution interval has intersection of positive length with the wait
interval of B’ (note that many batches can block a given bdéh We now introduce a charging scheme
with the desired properties by defining how the values are computed. If a batdh is punctual, this is
simple: allv;; values are zero except fo; = 1/3%. Take a tardy batc;. In this casel; is large compared
to ¢;. During the wait interval of lengtll; during whichB; is waiting, allp processors should be busy. Let
(r,7'] denote this interval. The total time, summed op@rocessors, igd;. Claim 3.5 establishes a relaxed
version of this bound to draw the conclusion.

Build a weighted directed graph with one node for each batch. Punctichidsaare sinks, i.e., have no
out-arcs. Any tardy batch has arcs to all the batches blocking it, andiha&trieast one, since it has positive
d;. Even though punctual batches may be blocked by other batches, treepdaut-arcs.

The result is a directed acyclic graph (DAG), because along any dirpeth in the graph, the execution
start times of batches are decreasing. The weightn any such are = (B, B’) is the fraction, between
0 and 1, of the execution interval of the blocking baf¢hwhich is inside the wait interval of the blocked
batchB. We also have a parameter

3ta? ( 1 )2
= . 15
1= \ T A /) 49
Then, for any two batchessandj, v;; is defined as
1
Vij = @ Z H(7w5)> (16)
peEP;; e€p

where P;; denotes the set of directed paths fréerto j. The dependence along any path is the square of
the product of weights on the path multiplied Hyto the power of the length of the path. This definition
includes as a special case the definition ofitf)&s for punctual batches since there is a path of length zero
between any batchand itself and no other path froito itself (givingv; = 1/3%) and no path from batch
i to any batclhy for j # i (giving v;; = 0 if j # 7).

Next we show that such a charging scheme satisfies the desired prepéitie penalty paid for each
batch should be accounted for using the budget it secures, as (eeq
Lemma 3.4. For any batchB; € B, (c; + d;)? < >jes, vi;b3.
We will prove Lemma 3.4 shortly. We need the following claim in the proof of Lemmda 3

Claim 3.5. If By,..., B are the children of tardy batcti,, with arcs(By, B1), (Bg, B2), ..., (Bo, Bi)
having weightsuvgy, woee, . . . , wok, respectively, in a run of any eager algorithm, th@f,zl (woj/bj,)2 >
p*dg[1 — o/ (p/t)]?/ (3ta?).



Proof. By the definition of thew,'s, the construction of the graph, the fact that, B,, ..., By are all the
batches blocking3,, and the fact that (parts of) theblocking batches are executed pmprocessors in a
wait interval of lengthiy (so that their actual lengths must sum to at légst times as much), we know that

k
> " wopby > pdo/a. (17)
i'=1

We now remove all bust of the batches, such that the sum of sizes of the remaining batches iseflglativ
large.

Chooser, r’ such that(r,7’] is the wait interval, of lengthly, = »’ — r, corresponding to batci,.
Among By, Bo, ..., By, there might be one batch per processor whose execution starts befadedoes not
finish until afterr. We keep these (at most)batches, and in addition the first at-most-two other batches
for each table whose execution interval has a positive-length interseettbrihis interval (r, '], at most
p + 2t < 3t in total. We show that the contribution of the other batches, however manynitgit be, is
small. Consider the third (and later) batches at least part of which wexited duringr, 7], from one
fixed table. Clearly the release times are at méstWe now prove that their start times are no smaller
thanr. Suppose that a processor executes a batch(kayyhose execution starts befareand terminates
afterr. Enumerate the batches at least part of each of which was executed tabth during time interval
(r,7'], calling themQy, @1, Q2, Qs, ..., in order of execution. Now the key point is that when bafgh
is executed] = 1,2, 3, ..., all updates to the same table which were released at or after the begirining o
Q;_1's execution interval and prior to the beginning@f's execution interval, and no others, are executed.
Therefore all updates performed in bat€la were released at or after the beginning(@f’s execution
interval. These updates had start times no earlier than the beginning ofettigtiex interval of),. But all
of Q1 was executed after time implying that no update af)s3 has a start time which is less than The
same statement is true for batchigs | > 4.

Let K be the set of omitted batches and i€t be the set of at-mos¥t remaining batches. Summing
over thet tables, it follows than,eK wo;bjr < tdg. This means, in conjunction with (17), that

Z wo;bjr > pdo(1/a) —tdo > dop/a[l — o/ (p/1)]. (18)
j'EK’

Now we use the general fact that

N N 2
> v (Z m> /N (19)

to infer that

> (wojrbyr)? > ([1—a/(p/t)lpdo/)?/(3t) (20)
JEK’

> p?d3[1 — oo/ (p/t)]?/ (3ta?). (21)

Il

Now we are ready to prove Lemma 3.4, which assures that each batdleseaesufficient budget.

of Lemma 3.4 Let thedepthof a node be the maximum number of arcs on a path from that node to a node
of outdegree 0. (The punctual nodes are the only nodes of outdégra&e use induction on the depth
of nodes to prove the lemma, i.e., we want to prove, for Anyor any nodeB; of depth at most\, that



(c;+d;)? < > B, %bj For sinks, i.e., nodes of outdegree 0 (these are the punctual battieesgim is
obvious, since

(ci 4+ d;)* < @03 by definition of punctuality (22)
< @b? by (3) (23)
= vy;b? by definition ofv;; (24)
=Y b because;; = 0if j # i. (25)
JEBp

Take a tardy batclB, of depthA whose immediate children—and it has at least one—Rte. ., By. For
any child B; of By, whose depth has to be less thapwe have

b < (ci +di)’® by (3) (26)
<> wigh] by the inductive hypothesis (27)
j€B,

Now we prove that the inductive assertion holds Ryras follows.

(co+do)* < (115) 2 dg (28)
by definition of tardiness, 5 9
_ Pt ;tzg(p/t)] (29)
by the choice ofy, i
Z woyby) (30)

from Claim 3.5,

< Z 7100] Z Vjrj j (31)

JEBp
by (26) and (27),

k
= Z (ywd;vjeib] (32)

JEBp j'=

< Z vo;b3, (33)

JEBp

by (16) and because, fgre B, we can “factor out” the first arc of the paths to ggt = Zf,zl(vng,)vj/j.
]

The second property of a charging scheme says that the budget Bvada®d batch should not be
overused.

Lemma 3.6. For any batchB;, >, g vi; < A== 1/(6%(1 — t7)).



We will see shortly thaty < 1. We need the following claim in the proof of Lemma 3.6.
Claim 3.7. The wait intervals corresponding to batches of a single table are disjoint.

Proof. The wait interval of a batcld) starts no earlier than the beginning of the execution interval of a
previous batch and extends to the beginning of the execution inter¢al ©hese intervals are disjoint.[]

Let us now prove the second property of the charging scheme.

of Lemma 3.6.Let theheightof a node be the maximum number of arcs on a path from any node to that
node. We do induction on the height of nodes to prove the lemma, i.e., fdfanyd any node3; of height
By (15),

ty = [3t%a” /p*)(1/[1 — o/ (p/1)*)(1/ (1 — B))? (34)
<5<1 (35)

(by definition ofa, 6 in Theorem 3.1). For a batch; at height zero (a source, i.e., a node of indegree 0),
the definition ofv;;, which involves a sum over all— j paths, is 0 unless= j, in which casey;; = 1/62.
Now the claim that\ > 1/3? follows from the definition of\ and the fact thaty < 1.

As in the previous proof, we can factor out the last arc of the path pgfoethe zero-length trivial path.
Say we are considering, whose immediate ancestors dse, . . ., By with arcse; = (B, By),...,ex =
(B, Bp), respectively. These incoming arcs may come from batches corraggotaddifferent tables.
However, we show that the suEf:1 we, Of the weights of these arcs is at m@stMore precisely, we
show that the contribution from any table is no more than one. Remembeuthat wp, 5, denotes the
fraction of batchB, which is in the delay interval of batcB;. As the delay intervals of these batches, for
one fixed table, are disjoint, by Claim 3.7, their total weight cannot be moreltzend hence the total sum
over all tables cannot exceed

Further, for any, we know thatw, < 1. So

k

> wi <t (36)

=1

As the height of any ancestdt; of B, is strictly less tharf{, the inductive hypothesis ensures that. ; vy;
is no more thar\. Hence

k
Zvio = 512 + Z Z Vwi%ovu‘/ (37)

i€B i€B,i£0 i/=1

by definition ofv;; in (16), noting thaty, = 1/2, and by “factoring out” the last arc, this equals

k
512 + Z w( Z viir), by (37). (38)

=1 i€B,i#0
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Now

> " wiz <X by the inductive hypothesis appliedifpand (39)
ieB
k
> wii ) <t by (36), and hence (40)
/=1
1 . . .
> o 3@ + ~tA by (36) and the inductive hypothesis, (41)
ieB
=\ by the choice of\. (42)
]

Lemmas 3.4 and 3.6 show that the matfix;) is indeed a charging scheme. Lemma 3.3 concludes the
proof of Theorem 3.1, in light of the fact th&y < § is proven near the beginning of the proof of Lemma
3.6.

4 Bounding the Maximum Stretch

In general, no constant bound on stretch is possible. For consideaskeot any number of tables and any
number of processors, in which, on table 1, an enormous update of I8pgtheleased at tim#&; followed

by the release of a minuscule update of len§that time S; + S,. At some point both updates have be
processed. Whether they are batched together (possibly with othetegpda not, the minuscule update
will not finish being processed possibly until tin%g + a1 57, meaning that its flow time would be at least
o151, and hence its stretch at leastS;/S2. ChoosingSs positive but arbitrarily small would make the

stretch arbitrarily large. It follows that to obtain bounded stretch one nmmseklow restrict the inputs.

For the remainder of the paper we make the (technical) assumption that npdates arrive at exactly
the same time. We suspect (but have not tried to prove) that judicious tikitigesiould obviate the need
for such an assumption.

Recall that a table i2-quasiperiodi¢ B a positive real, if all updates to the table have length between
B/2 and B. (All results we prove would go througimutatis mutandisif the “1/2” were changed to any
other constant, 0 < ¢ < 1.)

Now we assume that the set of tables can be divided into a small numbey, sdygroups, such that
all the tables in one group are-quasiperiodic for the samB. We need at least as many processors as the
number of groups; otherwise, we can come up with examples to produtalplarge stretch values. We
assume instead that> 2¢. In this scenario, by assigning to each group a fraction opthcessors which
is proportional to the number of tables in the associated group, we are aftdeital the stretch by using
the rather naive algorithm OURPANDRUN given in Figure 2. (Actually, because of rounding, instead of
assigning(p/t)T processors to a group @f tables, we assigh((p — g)/t)T'].)

First we describe algorithm Mopic. Say an update to a tablepgndingif, at the current time, it has
been released yet no processor is processing that update. (Socesgmomay, of course, be processing
someotherupdate to that table.) Say a tableigilableif, at the current time, some update for that table is
pending yet no processor is processing any update (that or any oth#rat table. Number the processors
P, P, ..., P, arbitrarily. When a processor of kbpric becomes idle, it looks at all available tables. On
each, it looks, among the potentially many pending updates, at the pendiatgUpwith the earliest release
time, and it chooses to process the available table for which the pendintpwpittathe earliest release time
is earliest. (Of course it batches all pending updates to that table, st tmaty be only one of the many
updates MoPIC processes on that table.) If multiple processors ofddic become idle at exactly the
same time, the idle processors, in increasing order by index, choosmgermilates to process. Algorithm

11



1. Partition the tables into grou@s, 7s, . . ., 7,, where the period of updates for the tables in

each group has a multiplicative range of no more than
2. Assignp; = [%W processors to tables of group

3. Handle the updates in each group independently, according to algdvittomiC (see text
below for MYoPIC).

Figure 2: Algorithm GROUPANDRUN.

GROURANDRUN naively divides the tables into groups, allocates processors roughpgionally to the
group sizes, and then runs algorithnyB®IPiC on each.

Now each group forms an independent instance; from now on, theteiigeraction whatsoever in the
algorithm between the different groups. Prior to Theorem 4.3, thereiistaaction in the analysis, either.

Definition 4.1. A tight intervalis a maximal closed interval of time during which all the processors as-
sociated with a group are busy. l8ose intervalis a maximal open interval of time during which not all
processors associated with a group are busy.

12



The tight intervals can be ordered chronologically. Lgbe thekth tight interval and let its length be
0.
First we need a crucial lemma.

Lemma 4.2. Letw; denote the wait time of thith updateJ;. Letd, be the length of thé" tight interval
I.. Suppose that all the tables in a group with s#lytables andp’ processors, aré3-quasiperiodic. If
a <p'/(8t")anda < 1/8, then allw; and all 6, are at mostB/6.

Proof. Order the set of updates associated with thétgbles according to their release times. We establish
recursive bounds; andf;, and use them inductively to prove that each is at nity4t. There is a dependence
between them, but the dependence is not circdladepends ow; for updatesJ; which are released before
I, startsyw,; depends ow; for i/ < 7 and ond,, for I, in which J; is released.

Let i, be the index of the last update released befgretarts. The dependence is as follows. Write
down the sequence”w”, “ws”, “ws”, ...> of symbols. Place the symbd;” between w;,” and “w; ;"

Let o denote the resulting sequence. The formulas avoid circular depenbgiceinding eachy; andé
in terms of symbols preceding it in.

Fix a k. We start by proving an upper bound épn the length of theth interval, in terms of those;’s
having: < 7. Let us examine the batches processed ingidevherer andr’ denote the start and end time
of the intervall,. The release times of all of the updates in all of these batches are nordheate .

Let theload at timer be the total amount of updates with starting times at or befolé an update is
released after, we only include in load the portion of it which occurs at or beferd-urthermore, if part
of an update has been processed before timee only consider the portion of the update which is yet to be
processed at time.

Fix one table and leX denote its contribution to the overall load. We claim that the contribukioio
load by any single table is at moBt+ max;<;, w;. There are three cases to consider. In the first two, no
update is being processed at timdn the third, one is.

e Suppose that at timeno update is being processed. Suppose, furthermore, that there éndimg
update available at time. The contribution to load in this case is at most the length of the update
next to be released, at some time exceedin(ts start time is less than its release time exceeds
Since each update has length at mBsthe contributionX to load in this case is at most.

e Suppose that at timeno update is being processed but that thesome pending update available at
timer. In this case the contribution to load is at mést- max;<;, w;, the “B+" appearing because
the wait timew; is measured relative to release time, yet the contribution to load is measuregerelati
to start time.

e Suppose that at time some updatés being processed. Letbe the time at which the processing of
that update started. From timeto timer, as the batch was being processed, the load decreased. In
fact, each unit of execution time decreased the load by atl¢ast> 1/a. Obviously,z < r and the
processing of the batch continues up to at least timdence

XS(T—Z)—F(B—Fr%axwi)—(r—z)/a, (43)
1Sk
where the first term correspond to a batch, possibly prior to its releasewhieh is being formed
while the other batch is being executed, the second term bounds the letiggtbatch being executed,
and the last term reflects the decrease in contribution to load as the batdtésged. Noting that
a <1, equation (43) giveX < B + max;<;, w;.

Summing ovet’ tables, the total load at timeis at most’(B + max;<;, w;). This means, since intervéj
has length;, that the total load at any time duridg is at most

Bt 4t maxw; + t'0;. (44)

i<ig
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Because alp’ processors are busy duridg, and because during tife time units of I, the p’ processors
decrease the load by at ledsp’/«, we have

Bt +t max w; + 'O > Opp' /. (45)
1<
Rearranging, we get
(B + max; <, wi)t’
p//a —
This is the desired upper bound 6pnin terms ofw;’s.

Now we write two upper bounds fav;, one in terms ofu;’s for i/ < 4, the other in terms of the same
wy's and also in terms df,. Without loss of generality, we only consider the wait time for the first update
J; of a batch. This obviously has the largest wait time among all the updategtisosame batch.

Recall that we have assumed that no two updates arrive at exactly theisseme

A crucial point is that an update can wait (and be pending) for only twsars: the obvious one that
all thep’ processors are busy, and the slightly subtle one that some procesiseadyaxecuting an earlier
batch associated with the same table.

We consider the latter case first. This case is the one in whigtvhich is the first update in its batch)
is released in a loose interval. Letbe J;'s release time. Ifo; > 0, thenJ; must be waiting for an earlier
batch from the same table (because nopafirocessors are busy). Clearly the length of the other batch is
at mostB + max; ; wy. We claim that as soon as this batch finishes being processed, which aill oc
at some timer < 7/ 4 [a(B + max;<; wy)], J; will immediately start being processed, and hence that
w; < a(maxy-; wy + B). Attime 7/, not allp’ processors are busy; hence all these, 8gypther updates
favored by Mropic over J; at time7’ are either running or waiting for one batch of their own table. There
must be one processor working on the table correspondidgmn the batch which is delaying), one for
each of thelV updates favored by Mopric over J;, and one idle processor. Noiv+ N + 1 < p’ implies
that NV < p’ — 2. In other words, there are at mgst- 2 tables which MoPic favors to the table containing
J; attimer’ and hence also at time Furthermore, MoPIc favors.J; over any updates released in the time
interval (7, 7]. Because’ — 2 < p/, it follows that.J; cannot be blocked at time Hence

O

IN

(46)

wi <« <max wir + B) . (47)
i <i
Now we consider the case in which the updatés released inside a tight interval, sdy, If processing
of J; does not start at or before the endlgf then a “blocking” batct from the same table has to be un-
dergoing processing at the momdptfinishes; otherwise/; would start at that point. However, processing
of this batch must have started befakewas released; or els§ would have been part of it. Moreover, as
in the argument for the first case, we will prove that as soon as thegsiogeof the blocking batch from
the same table is done, the batch corresponding to upglatél start to be processed.
Let 7 be the time when intervd}, ends and let’ be the time at which processing #fis finished. Since
Z is still being processed at the time whBrfinishes,r” > 7. We show that exactly at timé, the algorithm
starts processing; on some processor. Note thatrifis in a loose section, then the claim is trivial since
there is no longer a blocking batch to prevefis processing. So we may assume tHas in a tight section.
The release times of the first updates of all batches that are favoredrby id over J; at timer’, and
might prevent the algorithm from starting the processing/pht time 7/, are less thaw/;’s release time
(note that we have assumed that all jobs have distinct release times). Eimoe a, we start a loose
section, each of the these batches should have a batch from the samertdblgping processing at Let
By, B,,...,Bs, s > 1, be the batches the release times of the first updates of which are lesg'siratease
time, for which there are batchés, 7, . .., Z;, respectively, from the same tables undergoing processing
at 7 and finishing no later than’. Let By = J;andZy = Z. Letmg < 11 < 7o < -+ < Ty, 8 < s,
be the distinct times at which at least ofg, 0 < k < s, finishes. We prove that at timg,, for any
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K,1 < k' < s, eachB, whose corresponding blocking batéh is finished exactly at time; starts to
be processed. If not, chooséto be the smallest counterexample for this claim. Assume that at#jme
there are exactly > 1 blocking batches which finish. Note that by the definitiong3ef B,, . . ., Bs, any
batch whose processing has not been started whose blocking batch will be finished not later than
and finally favored by Mopric over someBy, 1 < k < s, should be also among;, Bo, ..., B; (since by
transitivity the release time of its first update is also less th&release time). Now by minimality of’,
each batctB, whose blocking batcly;, finishes (strictly) earlier tham,, has already started its processing.
On the other hand, each batéh whose corresponding blocking batéh has not finished yet cannot start
to be processed at,. Since there is no other batch favored by &PiC over these batches whose blocking
batches finish precisely at time., we can start processing all thesdatches, including3;/, on at least
theser available processors at timg.. This is a contradiction to the assumption tliat does not start to
be processed at timeg,. Thus, at timer’, the algorithm starts processingon some processor. Hence,

w; < max {Ok, « (maxwi/ + B> } , (48)
i<

since it either waits for the tight interval to end, or for a batch of its own taliiesg length cannot be more
thanmax; .; wy + B.

Usinga < 1/8andp’/a > 8t, we prove by induction on position inthat eachv; and eaclf, is at most
B/6. The basis is the case for the first update. Released in a loose intervdllhaiwe w; = 0 < B/6. For
equation (47), the right-hand side is at mst8)(B/6 + B) = (7/48)B < B/6, as desired. For equation
(48), the right-hand side is at most the maximunByf and the(7/48) B < B/6 which we just got for the
right-hand side of equation (47). Last, for equation (46) > 8t' implies thatt’ /(p’ /a—t') < 1/(8 —1),
giving an upper bound on the right-hand side of equation (46yBf/6) - 1/7 = B/6. O

Now, we can prove that our algorithm keeps the stretch low.
Theorem 4.3. Algorithm GROUPANDRUN keeps the stretch belowf o < (p — ¢g)/(8t) anda < 1/8.
Specifically, sincegy < p/2, a < p/(16t) anda < 1/8 suffices.

Proof. Since the sum ofp — ¢)|Z;|/t for different groups isp — g, >, [(p — 9)|Z:|/t] < p. Thus, in
total we are not using more than thpeprocessors we have. Now < (p — g)/(8t) implies that in a
group with p’ processors and tables,a < p’/(8t'), as required by Lemma 4.2. By that lemma, any
waiting time is at mosf3 /6. Any update has length at maBtand at leas3 /2, giving a stretch of at most
[B+ B/6+ (7B/6)a]/(B/2) =[(7/6)(1 4+ «)]/(1/2) < 3, becauser < 1/8. O

5 Bounding the Weighted Staleness

We now studyweighted stalenes3hat is, each tabl@& has a weightvr which is multiplied by the overall
staleness of tabl&. These weights reflect the varying priorities of different tables.

Theorem 5.1. In the quasiperiodic case, with < (p — ¢)/(8t) anda < 1/8, the weighted staleness of
algorithm GROUPANDRUN is no more than 4.5 times the minimum possible weighted staleness.

Proof. For alli € A, definew, to equalwy, where theith update is an update to talile Now the total
weighted staleness is

> wr > (staleness charged fd#) (49)
T

batchesB processed off’
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Using the fact that the staleness charged when processing Bascit most half the square of the flow time
of the first update in batch, we infer that the total weighted staleness is at most half the sum, over tables
T, of wr tiMeS3 _atchess processed on tabis(flOW time of the first update in batch)?. This is at most

(1/2) > wj(flow time of theith updat¢®, (50)

which is at most

(1/2) 3 wi(3a;)* (51)

by Theorem 4.3. This equals5 Y, wia? < 4.5 - (optimal weighted stalenesssince ", w}a? is a lower
bound on the optimal weighted staleness. O

6 Conclusions

In this paper, we studied the complexity of scheduling data-loading jobs to mintimézetaleness of a
real time stream warehouse. We proved that any on-line nonpreemfgéttam that is never voluntarily
idle achieves a constant competitive ratio with respect to the total stalenaligaiiles in the warehouse,
provided that the processors are sufficiently fast. We also showesitthath and weighted staleness can be
bounded under certain conditions on the processor speed and omitaktames of new data.

One interesting direction for future work is to relax the assumption on psocepeed from Section 2,
which requires that eaahy; be bounded by. For instance, we may have a workload consisting of one large
table that is very time-consuming to update, and many small tables that candtedipdry quickly. Even
though then; of the large table may be very large (larger tHgnthe data warehouse may be able to keep
up with the incoming data if thaveragen; is bounded by?. We also want to investigate whether replacing
Myoricin Algorithm GROUPANDRUN by an arbitrary eager algorithm guarantees bounded stretch.
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